Abstract: Multiple-input-multiple-output (MIMO) radar has received much attention in recent years for its great ability in imaging. However, the essence of MIMO radar has not been fully implemented due to the lack of proper transmission waveforms. In MIMO radar, the transmission waveform of each channel has to be uncorrelated with one another to avoid cross-interference between channels. To achieve this, we investigate the generation of uncorrelated multichannel chaos using electrical heterodyning for MIMO chaos radar (MIMO CRADAR) application. By electrically heterodyning a seed chaos source with multiple single-frequency local oscillators, chaos with different heterodyned spectra can be extracted and converted into multiple chaos channels. In this paper, the correlations between different channels of chaos generated are analyzed both numerically and experimentally. The minimal frequency spacing of the local oscillators for generating the largest amount of uncorrelated chaos channels is discussed. In our analysis, thousands of uncorrelated chaos channels can be simultaneously generated with a correlation time of several microseconds. Moreover, compared with those conventional waveform-designing methods that require complicated optimization and digital-to-analog conversion (DAC), the proposed heterodyned technique shows, for the first time, that multiple uncorrelated channels can be generated in real-time while breaking the bandwidth limitation of the DAC devices. A proof-of-concept experiment is successfully demonstrated to show the feasibility of using multichannel heterodyned chaos in the MIMO CRADAR application.
Introduction
Multiple-input-multiple-output (MIMO) radar has received much attention in recent years for its great imaging performance from the multiplexing capability [1] - [5] . In MIMO radar, several antennas are employed as the transmitters and receivers to simultaneously transmit uncorrelated waveforms and receive their echoes from the target. By transmitting uncorrelated waveform in each channel, the information detected by different pairs of the transmitter and the receiver can be effectively separated. Without ambiguity, snapshots of the target can be obtained. Compared with the synthetic aperture radar (SAR) that requires a mechanical scanning of the transmitter and the receiver, the MIMO radar provides much higher image acquisition speed. In addition, the effective aperture size of the MIMO radar can be maximized by properly arranging the geometry of the transmitters and the receivers while eliminating the formation of the grating lobes [4] , [5] . Therefore, with the same antenna elements used, the MIMO radar can achieve a better spatial resolution than other real aperture radars.
Although the MIMO radar is expected to have the above-mentioned advantages, the essence of MIMO radar is far from being fully implemented. Limited by the slow development in the generation of uncorrelated waveforms, most MIMO radar systems still utilize coherent chirps or short pulses as their transmission waveforms [4] , [5] . When using these identical waveforms for all the transmission channels, interleaved transmission and reception are needed and therefore the performance of the MIMO radars is limited. To fully implement the essence of the MIMO radar, the generation of proper uncorrelated waveforms remains to be one of the most crucial issues.
So far, many studies have made efforts to design the suitable waveforms for the application of MIMO radar. Based on the target and clutter statistics, covariance matrix of the transmitted waveforms was designed to control the radiated beam pattern [6] , [7] . With power constraints, mutual information between the impulse response of the target and the reflected signal was optimized for waveform selection [8] , [9] . Instead of requiring priori knowledge of the target, using code sequences in phase-coded and frequency-coded waveform design was also investigated [10] - [12] . For better orthogonality and signal-to-noise ratio, some optimization algorithms such as simulated annealing and genetic algorithm were utilized to search the code sequences with minimal cross-correlation peaks and peaks of autocorrelation sidelobe [13] - [15] . The methods mentioned above all incorporate complicated optimization processes, which sacrifices and prolongs the computation time in order to generate the demanded waveforms. Under the time constrain in the practical implementation, only limited number and length of the waveforms can be generated with these optimization-based methods.
To increase the degree of freedom on uncorrelated waveform design, generating chaos waveforms using nonlinear dynamical systems has been proposed and studied. Various chaos models were adopted to numerically code the frequency or phase of the modulated signals [16] - [19] . Due to the random nature and the aperiodic property of the chaos, their waveforms inherently possess low cross-correlation peaks and low autocorrelation sidelobe peaks. In addition, the chaos systems are deterministic and very sensitive to the initial conditions. Tuning the initial condition slightly can result in a significant change in the chaos attractors, which can therefore generate a large set of uncorrelated waveforms. More importantly, the generation of chaos waveform is relatively easy. With just a simple iterative computation, chaos waveforms with arbitrary lengths can be efficiently generated for a given initial condition. Nevertheless, digital-to-analog conversions (DAC) are still required for these numerically generated waveforms to be used in the practical transmission. As a consequence, the bandwidths of the transmission waveforms are generally limited by the DAC devices used.
For analog nonlinear dynamical systems, semiconductor lasers and microwave Colpitts oscillators are often adopted to generate chaos waveforms. [20] - [27] . They have been applied in the chaos radar (CRADAR) applications [20] - [23] , showing advantages including low probability of intercept, low probability of detection, excellent electronic counter countermeasure, and thumbtack-like ambiguity function [24] , [25] . Up to now, most of the chaos radar systems proposed are based on a single chaos channel for one-dimensional ranging [20] - [23] . The implementation of a MIMO chaos radar (MIMO CRADAR) that employs multiple chaos channels has yet to be discussed, however.
To feed the MIMO CRADAR, multiple chaos generation sources with different intrinsic parameters or specially tuned operation conditions can be used to generate multiple uncorrelated chaos waveforms. However, the system could become extremely complex when the number of channel becomes large. To achieve a simple and compact setup for practical implementation, in this study, we propose an electrical heterodyning technique to efficiently generate multiple uncorrelated chaos waveforms using just one single chaos generation source. Since the chaos waveforms generated by semiconductor lasers typically have much broader spectra than those generated by microwave Colpitts oscillators [28] - [32] , in this study a semiconductor laser subject to optical feedback is used to generate the seed chaos. By electrically heterodyning the seed chaos with multiple local oscillators at different frequencies, the heterodyned chaos waveforms corresponding to different local oscillator frequencies can be simultaneously generated. Similar heterodyne schemes have also been used in suppressing the time delay signature of the chaos [33] and in increasing the bit-rate in random bit generation [34] .
In this study, the cross-correlations between the heterodyned chaos waveforms generated with different local oscillation frequencies ðf LO Þ are analyzed both numerically and experimentally. The minimal frequency spacing between each f LO for maximizing the amount of uncorrelated chaos channels is discussed. To show the feasibility of the proposed multi-channel chaos generation in the MIMO CRADAR application, a proof-of-concept experiment is carried out where the cross-interference suppression ratios (CISR) between each heterodyned chaos channel are evaluated.
Principle and Numerical Model
The schematic setup of the multi-channel chaos generation system based on electrical heterodyning is shown in Fig. 1 . A semiconductor laser subject to optical feedback is utilized as a chaos generator to generate the seed chaos waveform. By adjusting the feedback strength and the feedback delay time for the light reflected from the external mirror, the semiconductor laser can be operated in the chaos oscillation states [32] , [35] . The dynamics of the semiconductor laser subject to optical feedback can be modeled by the following coupled rate equations [33] , [36] , [37] : where a is the normalized amplitude of the optical field, is the optical phase,ñ is the normalized carrier density, is the normalized feedback strength defined as the ratio between the strengths of the reflected field and the emitted field, is the feedback delay time, b is the linewidth enhancement factor,J is the normalized bias current, c is the cavity decay rate, n is the differential carrier relaxation rate, s is the spontaneous carrier relaxation rate, and p is the nonlinear carrier relaxation rate. [33] , [38] .
The laser output is detected by a photodetector and then converted into the electrical signal, which can be represented by its intensity Iðt Þ ¼ ½1 þ aðt Þ 2 . After amplified by an electrical amplifier, the seed chaos waveform originally generated from the semiconductor laser is then split into different channels. In each channel, a down-converting RF mixer is used to electrically heterodyne the seed chaos with a sinusoidal signal from a signal generator as the local oscillator. In the heterodyne process, the frequency of the local oscillator f LO can be viewed as the axis of symmetry. The portion in the chaos spectrum with frequencies lower than f LO will be flipped up to superpose with those with frequencies higher than f LO . The superposition is then down-shifted toward the dc by a frequency of f LO . Note that, the RF mixer in practical has a finite bandwidth f BW;IF on its output port (IF port). Therefore, the heterodyned chaos generated will only comprise the superposition of the spectra between f LO À f BW;IF and f LO þ f BW;IF . To prevent any possible leakage of the input signal through the RF mixers in the high frequency region due to imperfect isolation, low-pass filters having the same bandwidth as the RF mixer are used. An oscilloscope is then used to acquire the heterodyned chaos waveforms generated. By applying multiple local oscillators with different f LO to extract and superpose different portions of the seed chaos spectrum, multiple channels of heterodyned chaos can be simultaneously generated.
To simplify the analysis, only two channels are employed in our setup for proof-of-concept demonstration. The heterodyned chaos signals obtained in channel 1 (CH1) and channel 2 (CH2) through the direct connections of points 1a and 2a as shown in Fig. 1 can be represented by
where LPF½Á is a low-pass filter with a −3 dB bandwidth of f BW;IF . A uniform frequency response is assumed. (4) and (5) can be further derived as
where Að!Þ and ð!Þ are the amplitude spectrum and phase spectrum of the seed chaos, and ! LO1 , ! LO2 , and ! BW;IF are the angular frequencies of f LO1 , f LO2 , and f BW;IF , respectively. By considering the general characteristics of the seed chaos obtained from (1)- (3), Að!Þ with a bandwidth much broader than twice of the f BW;IF and ð!Þ with a random phase relation in different frequencies are assumed in our theoretical analysis. When the frequency difference of f LO1 and f LO2 ðjÁf ¼ Á!=2j ¼ jf LO2 À f LO1 jÞ is larger than twice of the f BW;IF ðjÁf j > 2f BW;IF Þ, the heterodyned chaos in CH1 and CH2 are extracted from different portions of the seed chaos spectrum that are completely not overlapped. Therefore, S CH1 ðt Þ and S CH2 ðt Þ will be uncorrelated since there is no particular phase relation among different frequency components in the seed chaos spectrum. In this case, the largest number of uncorrelated chaos channels one can extract from a seed chaos is estimated to be ðf BW;chaos À 2f BW;IF Þ=2f BW;IF , where f BW;chaos is the bandwidth of the seed chaos provided.
To squeeze out more of the uncorrelated chaos channels from the seed chaos, setting jÁf j below f BW;IF is demanded. When f LO2 is very close to f LO1 ðjÁf j ( f BW;IF Þ, (6) and (7) can be expanded as
Under this condition of jÁf j ( f BW;IF , as shown in (8) and (9), the spectral power extracted by S CH1 ðt Þ and S CH2 ðt Þ are now from partially overlapped portions of the seed chaos spectrum. To ensure that the heterodyned chaos generated under this condition are still highly uncorrelated, the cross-correlations defined as
among each channel are evaluated [4] , [10] , [14] , [16] . The T i and T corr in the temporal integral are the initial integration time and the correlation time, respectively. Since the heterodyned chaos waveforms in each channel are originated and extracted from the same seed chaos, their cross-correlation is most likely to peak around the zero-lag time provided that there is any correlation among them. By taking (8) and (9) into (10), the cross-correlation of S CH1 ðtÞ and S CH2 ðtÞ at zero-lag becomes
Since the seed chaos has a random relation in ð!Þ, the cross-products of S CH1 ðt Þ and S CH2 ðt Þ can only be coherently superposed at ! ¼ ! 0 when having a fixed phase relation. The incoherent cross-products from ! 6 ¼ ! 0 will in contrast have a random phase variation with time, which will be averaged out after a certain length of T corr . Therefore, by ignoring the effect from those incoherent products (including those cross-products from the non-overlapped spectra), (11) can be approximated as
where the constant
As can be seen in (12), for those heterodyned chaos extracted with Áf equal to the integer multiples of 1=T corr ðÁf ¼ Á!=2 ¼ m Á 1=T corr ; m ¼ 1; 2; 3; . . .Þ, jð0Þj between each channel will have minima, regardless of T i . In contrast, for those heterodyned chaos extracted with Áf not equal to the integer multiples of 1=T corr ðÁf 6 ¼ m Á 1=T corr ; m ¼ 1; 2; 3; . . .Þ, jð0Þj between the channels could vary significantly depending on Á!, T corr , and T i . Therefore, when jÁf j ( f BW;IF , the largest number of uncorrelated chaos channels that can be simultaneously generated from a single seed chaos is estimated as ðf BW;chaos À 2f BW;IF Þ=ð1=T corr Þ, where Áf ¼ 1 Á 1=T corr is the minimal frequency spacing between the local oscillators for jð0Þj to be minimized. By increasing T corr , the minimal frequency spacing can be reduced and hence the number of uncorrelated chaos channels can be increased as long as the Áf chosen still satisfy the condition of Áf ¼ m Á 1=T corr ; m ¼ 1; 2; 3; . . ..
Note that (12) is only valid when the seed signal has a broad bandwidth in Að!Þ and a random relation in ð!Þ as those in the chaos waveforms. For other seed signals with relatively small bandwidths in Að!Þ or having some particular relation in ð!Þ, the incoherent cross-products from different frequencies ð! 6 ¼ ! 0 Þ will in general not be averaged out and correlations between channels will be present.
Simulation Results
In the numerical analysis, the seed chaos is generated by solving (1)-(3) with a second-order Runge-Kutta integration. The integration is conducted with a time step of 1 ps for a duration over 100 s. The finite bandwidth on the output port of the down-converting RF mixer is numerically implemented by a Chebyshev Type-II low pass filter with an f BW;IF ¼ 4 GHz. With a feedback strength ¼ 0:09 and a feedback delay time ¼ 5 s, the power spectrum of the seed chaos generated is shown in Fig. 2(a) . Here a relatively long delay in the feedback is chosen to obtain a broad and continuous chaos spectrum. This seed chaos has a standard chaos bandwidth of 16 GHz, which measures the central portion of the frequency span where 80% of the total power is contained within [39] . After heterodyning with an f LO of 4 GHz, the power spectrum, time series, and the auto-correlation trace of the heterodyned chaos generated are shown in Fig. 2(b)-(d) , respectively. As can be seen, the power spectrum of the heterodyned chaos is flat and smooth; the time series shows a noise-like waveform without periodicity; and in the autocorrelation trace, no significant peak and meaningful feature can be observed, except for the mainlobe, respectively. Inheriting the chaotic nature from the seed chaos, the heterodyned chaos is expected to preserve the essential properties for the CRADAR applications [20] , [24] .
The correlations between heterodyned chaos channels obtained with different local oscillation frequencies are analyzed in Fig. 3 , where f LO1 is fixed at 4 GHz while f LO2 is varied to have different Áf . The dependence of the correlation on T i is also discussed. The black curves in Fig. 3(a)-(j) show the zero-lag cross-products and the normalized cross-correlations of the heterodyned chaos with T corr ¼ 5 s, respectively. The red dashed curves in Fig. 3(f)-(j) show the envelopes of the cross-correlation traces e ðÞ obtained through Hilbert transform. When f LO2 ¼ 12 GHz ðÁf ¼ 8 GHzÞ, the two heterodyned chaos are uncorrelated because they are extracted from portions of the seed chaos spectrum that are completely not overlapped. As shown in Fig. 3(a) , the zero-lag cross-product shows a random amplitude fluctuation resulting from the incoherent spectral relation between the chaos channels. Accordingly, no meaningful peak is present in the crosscorrelation trance shown in Fig. 3(f) . Under this condition, the amplitudes of the cross-correlation at the zero-lag time are essentially zero independent of T i .
To squeeze out more of the uncorrelated chaos channels from the seed chaos, setting jÁf j below f BW;IF is demanded. When reducing Áf , the coherent product between the heterodyned chaos channels becomes dominant. Together with the random variation originating from the incoherent product, a sinusoidal modulation having a frequency of Áf starts to be revealed in the trace of the zero-lag cross-product. In this case, the initial integration phase ð i ¼ Á! Â T i Þ determined by T i has a strong influence on the cross-correlation as described in (12) . When Áf ¼ 0:3 MHz ðf LO2 ¼ 4:0003 GHzÞ and i ¼ 1:5 and 2, as shown in Fig. 3(b) and (c), the sinusoidal modulation from the coherent product has 1.5 periods within T corr of 5 s. For i ¼ 1:5, the cross-correlation as shown in Fig. 3(g) has a large amplitude at the zero-lag time. For i ¼ 2, although the amplitude of the cross-correlation in Fig. 3(h) happens to be zero at the exact zero-lag time, the obvious sidelobes on both sides of zero-lag time indicate the existence of the cross-interference. Here, by taking the envelope detection (red dashed curves), a non-zero cross-correlation envelope e ð0Þ at the zero-lag time is clearly identified.
When Áf is reduced to 0.2 MHz ðf LO2 ¼ 4:0002 GHzÞ, the sinusoidal modulations will have exactly one full-period within T corr of 5 s as shown in Fig. 3(d) and (e) for i ¼ 1:5 and 2, respectively. Since integrating a full-period of sinusoidal waveform is always equal to zero independent of i , the amplitudes of the cross-correlations for i ¼ 1:5 and 2 as shown in Fig. 3 (i) and (j) respectively are therefore essentially zero at the zero-lag time. In these cases, both the coherent and incoherent products are averaged out. From the results shown, even when extracting the heterodyned chaos from largely overlapped portions of the chaos spectrum to maximize the number of uncorrelated channels, the correlation between channels can still be kept at the same minimal level thanks to the nature of the broad bandwidth and random phase of chaos. To quantify the correlations between different heterodyned chaos channels generated under different Áf , amplitudes of cross-correlation envelopes e ð0Þ at the zero-lag time are analyzed. Fig. 4(a) and (b) show the e ð0Þ between the chaos channels for different normalized Áf ðÁf ¼ jÁf j Â T corr Þ under T corr of 2.5 s and 5 s, respectively. Here, e ð0Þ for each Áf are averaged over 50 different time sequences from the chaos waveforms. The green dotted lines are the background noise calculated from the average amplitude of the e ðÞ excluding the mainlobe showing the baselines of e ð0Þ. As can be seen, e ð0Þ in Fig. 4(a) and (b) show the same variation trend where e ð0Þ tends to converge to zero with a periodic oscillation. Note that similar trends are observed for different T corr , which is also independent with the relation between the feedback delay time and T corr .
For Áf ¼ m ðm ¼ 1; 2; 3; . . .Þ, e ð0Þ, which is comparable to the background noise level, can be obtained. On the contrary, for Áf ¼ m À 0:5, e ð0Þ has its local maxima. Resulting from the strong dependence of e ð0Þ on i , the standard deviations of those from Áf ¼ m À 0:5 are also larger than those obtained from Áf ¼ m. Although e ð0Þ is large when Áf is small, the local maxima of e ð0Þ at Áf ¼ m À 0:5 gradually decrease and submerge into the background noise as Áf increases. The red dashed curves shown in Fig. 4(a) and (b) are the polynomial fitting of those local maxima of e ð0Þ at Áf ¼ m À 0:5. As can be seen, the local maxima are inversely proportional to Áf , which is also predicted by the formula derived in (12) .
To show the details of e ð0Þ as Áf further increases, Fig. 4 (c) and (d) show e ð0Þ for different Áf , similar to those in Fig. 4(a) and (b), but with a wider range of Áf and a finer scale of e ð0Þ just above 0. Similarly, the green dotted lines and the red dashed curves are the background noise and the fitting of the local maxima, respectively. As can be seen, before those local maxima submerge into the background noise at Áf c indicated by the black arrows shown in Fig. 4(c) and (d), the choice the local oscillation frequencies is very critical. Uncorrelated heterodyned chaos can only be generated when Áf is an integer so that e ð0Þ has its minimum. On the contrary, the choice the local oscillation frequencies becomes non-critical when Áf > Áf c since all e ð0Þ are already small and have submerged into the background noise, regardless of whether Áf is an integer or a half-integer. In other words, to generate multi-channel chaos with low cross-correlations, Áf has to be an integer in the critical operation region ðÁf G Áf c Þ while it can be arbitrary in the non-critical operation region ðÁf > Áf c Þ. Hence, the minimal frequency spacing between the local oscillators for multi-channel chaos generations is when Áf ¼ 1 in the critical operation region and is Áf c in the non-critical operation region, respectively. For a seed chaos with a given bandwidth, these minimal frequency spacings determine the largest numbers of uncorrelated chaos channels that can be simultaneously generated. For Áf c ¼ 27:2 and Áf c ¼ 42:7 in the cases of Based on (12) and the same numerical analysis as that used in Fig. 4 to obtain the fitting curves and background noise under different T corr , Fig. 5(a) shows the minimal Áf for different T corr under the non-critical (blue dashed curve) and critical (black solid curve) operations, respectively. The corresponding minimal frequency spacings are shown in Fig. 5(b) . As can be seen, for the non-critical operation, the minimal Áf ð¼ Áf c Þ monotonically increases as T corr increases. This is due to the lower background noise associated with the longer T corr , which intersects with the local maxima of e ð0Þ at larger Áf as those shown in Fig. 4(c) and (d) . However, the decrease in 1=T corr is faster than the increase of Áf as T corr increases. Therefore, as shown in Fig. 5(b) , the minimal frequency spacing is still dominated by 1=T corr and monotonically decreases as the T corr increases. This minimal frequency spacing decreases rapidly and gradually converges to about 10 MHz after several microseconds.
For the critical operation, the minimal Áf is always 1 for all T corr . Therefore, the corresponding minimal frequency spacing is exactly inversely proportional to T corr . For a T corr of serval s, the minimal frequency spacing can be reduced to below 1 MHz. From the analysis, with f BW;chaos ¼ 16 GHz and f BW;IF ¼ 4 GHz as those used in the simulation, the numbers of uncorrelated chaos channels that can be simultaneously generated under the non-critical and critical operation regions are estimated to be about 800 ðð16 GHz À 4 GHz Â 2Þ=10 MHzÞ and 8000 ðð16 GHz À 4 GHz Â 2Þ=1 MHzÞ for a T corr of several s. As can be seen, having a smaller minimal frequency spacing, more number of chaos channels can be generated in general when operating in the critical operation region than in the non-critical operation region. However, it in contrast requires much better control in the frequency precision and the stability of the local oscillation frequencies so that e ð0Þ can maintain at its local minimum over time.
Experimental Results
To show the feasibility, a multi-channel chaos generation system based on the electrical heterodyning is implemented. The source of the chaos signal is generated by a single-mode distributed-feedback semiconductor laser subject to optical feedback. With a normalized feedback strength of 0.26 and a feedback delay time of 5 s, the laser can be operated in a chaos state with a broad and flat spectrum. The chaotic light is detected by a 12 GHz high-speed photodetector (Newport 1554-A) and converted to the electrical signal, namely, the seed chaos. The seed chaos is then amplified by a broadband amplifier (Miteq AFS6-00102000-30) with a gain of about 30 dB and a 3 dB passband between 0.1-20 GHz. With a microwave splitter, the amplified seed chaos is divided into two channels for demonstration. In each channel, the seed chaos is electrically heterodyned with a sinusoidal signal through a down-converting RF mixer (Mini-Circuits ZX05-153MH+) that has RF and LO passbands between 3.2-15 GHz and an IF passband between DC-4 GHz. After electrically heterodyned with the sinusoidal signals generated from two signal generators (Angilent E4422B and Anritsu MG3692B) as the local oscillators, the heterodyned chaos pass through low-pass filters (Mini-Circuits VLF-3400+) with a passband of DC-4 GHz for suppressing the unwanted power leakage of the RF mixer in the high-frequency region. Finally, the heterodyned chaos in CH1 and CH2 are simultaneously acquired by an oscilloscope (Tektronix TDS6604) that has a bandwidth of 6 GHz and a sampling rate of 20 GS/s. The time duration of each acquisition is 10 s. To have the similar operation condition as those used in the simulation, the f LO1 is fixed at 4 GHz, while the f LO2 is varied to calculate e ð0Þ with different Áf . and (b), the e ð0Þ in Fig. 6 (a) and (b) also oscillate periodically and tend to converge as Áf increases. The correlations between the two chaos channels are again low at Áf ¼ m and high at Áf ¼ m À 0:5. Although LPFs are used to reject the direct power leakage for frequencies higher than the bandwidth of the mixer, the leakage within the bandwidth of the RF mixer still cannot be avoided. As the results, due to the imperfect isolation of the RF mixer, the baselines of the e ð0Þ are slightly elevated from the background noise (green dotted lines) in experiments as shown in Fig. 6 (a) and (b). In addition, the local maxima of e ð0Þ at Áf ¼ m À 0:5 (as well as their fitting in the red dashed curves) have slightly smaller correlation amplitudes compared with the simulation results shown in Fig. 4 . For one of the most obvious case, the e ð0Þ between the heterodyned chaos generated from exactly the same f LO ðÁf ¼ 0Þ has dropped to 0.93 from the ideal value of 1. This lowering in e ð0Þ is mainly due to the unwanted noise coupled into the channels and the finite analog-to-digital sampling rate in the oscilloscope. As demonstrated in the experiment, uncorrelated chaos can be again generated when Áf ¼ m in the critical operation region or for any arbitrary Áf in the non-critical operation region. Note that, having lower e ð0Þ, higher background noise, and higher baseline of e ð0Þ, the Áf c obtained experimentally are lower than those found in the simulation when under the same condition. In other words, more uncorrelated chaos channels can actually be simultaneously generated in practical implementations attributes to the noise inevitably coupled into the channels.
Proof-of-Concept Demonstration
To demonstrate the feasibility of the MIMO CRADAR application, a proof-of-concept experiment using the multi-channel chaos generated is carried out. The setup is similar to the one shown in Fig. 1 , but now the outputs of CH1 and CH2 are connected to the respective points of 1b and 2b to include the effects from the antennas. The heterodyned chaos in CH1 is split into a reference signal and a probe signal. The probe signal is transmitted (Tx1) and then received (Rx) by a pair of broadband horn antennas (A-INFO LB10180) that have passbands between 1-18 GHz. The heterodyned chaos in CH2 is also transmitted with another similar antenna (Tx2) and received by the Rx to simulate the co-existence of multiple channels in the MIMO CRADAR environment. The reference signal in CH1 and the signal received by the Rx are simultaneously recorded with the oscilloscope.
For T corr of 5 s, Fig. 7(a)-(f) show the cross-correlation traces between the received signals and the reference signals for Áf ¼ 0, 0.5, 1, and 1.5 in the critical operation cases and Áf ¼ 50 and 50.5 in the non-critical operation cases, respectively. The red dashed curves are their envelopes calculated by the Hilbert transform. To quantify the cross-interference between the channels, a cross-interference suppression ratio (CISR) defined by the amplitude ratio between the main (first) and the side (second) peaks in the envelope of the cross-correlation trace is calculated. As can be seen in Fig. 7(a) , when there is no frequency difference in the f LO between CH1 and CH2 ðÁf ¼ 0Þ, the chaos from CH1 and CH2 are identical and therefore two distinct peaks with almost equal amplitudes are observed. The lag times of the peaks are corresponding to the path lengths in CH1 and CH2, and the relative time delay between these peaks is corresponding to the path difference between the Tx1 and Tx2 to the Rx. When Áf is increased to 0.5 as shown in Fig. 7(b) , the cross-interference from CH2 is reduced where the side peak is lowered in its amplitude. For Áf ¼ 1 as shown in Fig. 7(c) , the side peak corresponding to the cross-interference from CH2 vanishes completely. Under this condition, the chaos from CH1 and CH2 are shown to be uncorrelated to each other. Further increasing Áf to 1.5 as shown in Fig. 7(d) increases the amplitude of the side peak again. The CISR for Áf ¼ 0, 0.5, 1, and 1.5 in these critical operation cases are calculated to be −0.1, 3.1, 15.1, and 6.3 dB, respectively. As expected, a large CISR is obtained only when Áf is an integer in the critical operation region.
In contrast, in the non-critical operation region, the CISR maintains at a similar level for all different Áf no matter it is an integer or a half-integer. As shown in Fig. 7 (e) and (f), the CISR for Áf ¼ 50 and 50.5 are 14.8 and 14.9 dB, respectively. Note that the highest CISR in the current setup is about 15 dB, which is limited by the imperfect isolation of the RF mixers used.
Conclusion
In this study, we investigate the generation of multi-channel chaos using electrical heterodyning for MIMO CRADAR application. By electrically heterodyning a seed chaos with multiple single-frequency local oscillators, different portions of the chaos spectrum are extracted and converted into different chaos channels. By carefully selecting the frequency difference of the local oscillators, heterodyned chaos with uncorrelated waveforms can be generated. The critical and non-critical operation regions are defined and identified. In the critical operation region, the uncorrelated chaos can be obtained only when Áf is an integer. In the non-critical operation region, Áf can be chosen arbitrarily. The minimal frequency spacing between channels is found to be determined by T corr in both operation regions. By increasing T corr , the minimal frequency spacing can be reduced in order to produce more uncorrelated chaos channels. From our analysis, for T corr of several s, thousands of uncorrelated chaos channels can be generated simultaneously. To the best of our knowledge, this is the largest number of uncorrelated waveforms with infinite lengths that can be simultaneously generated up-to-date. Moreover, compared with those waveform-designing methods which require complicated optimization and DAC process [6] - [18] , generation of multi-channel chaos with the proposed heterodyne scheme can be in real-time and break the bandwidth limitation of the DAC devices. The proofof-concept experiment successfully demonstrates the feasibility of the heterodyned chaos for the MIMO CRADAR application, where excellent CISR with minimum ambiguity in target detection is achieved.
It is also worth mentioning that, since the heterodyned chaos can be easily switched from completely uncorrelated to highly correlated by varying Áf from an integer to a half-integer in the critical operation region, a multi-function radar array that integrates both the advantages of a MIMO CRADAR and a timed-array radar can potentially be realized based on this heterodyne technique. With the MIMO CRADAR, applications in the fields of geophysical and terrestrial imaging, area surveillance, unmanned aircraft and vehicle, target search, track, and missile guidance for warships could all be realized.
